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Abstract

We introduce an origami-based rigid- and flat-foldable structure that has an isolated singular state of
mechanism in the non-flat state. The structure consists of a grid of units arranged on a plane, each of
which is a ring of eight right-angled isosceles triangles with eight crease lines corresponding to one layer
of the Yoshimura Tube. Adjacent units, which are inverted upside down, are connected by gluing a face
of one unit to a face of the other so that the vertex of 90 degrees of one face coincides with the center
point of the longest edge of the other face. The thickness of each face can be easily assigned by offsetting
the face to the outside direction of the unit and by arranging hinges at the inside of the unit. In this study,
we investigate properties of the proposed structure using the panel-pin model developed for the analysis
of rigid origami. In the case of a structure with three or more units in both directions of the grid, it has
one in-plane finite mechanism and one out-of-plane first-order infinitesimal mechanism in the singular
state where all folding angles are equal. However, in other non-flat states, it has only one in-plane finite
mechanism. By utilizing this property, the structure can be compactly stored in a flat state and stably
deployed while the out-of-plane mechanism in the singular state may realize a curved surface structure.
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Figure 1. Geometry of a single unit: (a) dimension of the unit, labelling of vertices, and variables representing the
folding states on the primary path in the isometric view, (b) development diagram of the unit cut at vertex E.

1. Introduction

Origami in the strict definition refers to the technique of creating two- or three-dimensional shapes by
simply folding a single thin sheet such as a piece of paper without cutting or pasting it. However, a
broader definition is often employed in the engineering field; we also refer to structures obtained by
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allowing cutting and pasting as origami structures when the technique of folding is used. For example,
origami tubes [1-3] are tubular structures with crease lines, which are often used as energy absorption
devices and stiff, yet reconfigurable structures. Sandwich panels with cores manufactured by using an
origami technique, called origami honeycombs or origami cores [4—6], are lightweight, stiff, and highly
manufacturable. Origami technique similar to the origami honeycomb is also utilized for the design and
construction of the sculptures and the architectural surfaces [7].

In this paper, we introduce an origami-based rigid- and flat-foldable structure that is not manufactured
from a single sheet of paper. Figure 1 illustrates a unit of the proposed structure. The entire structure is
formed by arranging it as shown in Fig. 2 in a grid manner on a plane. A single unit is a ring of eight
right-angled isosceles triangles with eight crease lines corresponding to the special case of 8R linkage
or one layer of the Yoshimura Tube [3]. When the axial direction of the unit corresponds to the z-axis
in Fig. 1, adjacent units are connected in the following manners:

® The axes of the adjacent units are parallel, but these units are inverted upside down.

® Between the glued faces of the adjacent units, the vertex of the right angle of one triangular face
coincides with the center point of the longest edge of the other triangular face.

The rigid-folding mechanisms of the proposed structure are evaluated using the panel-pin model
proposed in our previous study [8]. As demonstrated in Section 2, a single unit has two-degrees-of-
freedom first-order infinitesimal rigid-folding mechanisms which are the potential finite mechanisms.
On the other hand, as demonstrated in Section 3, a structure with three units in both directions of the
grid has a single-degree-of-freedom first-order infinitesimal rigid-folding mechanism corresponding to
the primary path shown in Fig. 2 which connects two flat-folded states. On the primary path, there is a
singular state where all folding angles are equal and the number of degrees of freedom of the rigid-
folding mechanism increases by one. The path obtained from the additional degree of freedom is referred
to as the bifurcation path [9] in this study. This additional mechanism is, however, shown to be only the
first-order infinitesimal mechanism that does not lead the finite deformation. The assignment of the
panel thickness is also considered in Section 4. The panel thickness can be easily assigned by just
offsetting the faces to the outside direction of the units while the rigid-folding mechanism is preserved.
By utilizing the finite mechanism described above, the structure can be compactly stored in a flat state
and stably deployed. Furthermore, although only infinitesimal mechanisms are investigated and the
effects of gravity and materials are not accounted for in this paper, the out-of-plane mechanism in the
singular state is expected to be used to realize the curved surface structure as illustrated in Fig. 3 by
allowing the small elastic deformation of panels when ultra-lightweight and stiff materials are available.
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Figure 2. Overview of folding process of the proposed 3x3 unit structure. The structure has a single-degree-of-
freedom finite rigid-folding path referred to as the primary path and a first-order infinitesimal mechanism in the

singular state & =6 referred to as the bifurcation path.
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Figure 3. Possible future application of the proposed structure to the curved roof structure
expected to be realized when ultra-lightweight and stiff materials are available.

2. Geometry and kinematics of single unit

2.1. Analytical solution to primary path
In this section, the rigid-folding deformation of a single unit on the primary path is analytically described,
and the infinitesimal mechanism of the single unit is investigated using the panel-pin model [8]. In the
following, the length of the base and the height of each right-angled isosceles triangle are 2a and a,
respectively, as shown in Fig. 1. The thickness of each panel is irrelevant to the folding mechanism of
the single unit investigated in this section.

When vertices A, B, C, and D of a single unit form a square as shown in Fig. 1(a), we place the origin
of the coordinate system for the unit at the center of square ABCD and set the x- and y-axes in the
directions of the vector pointing vertices D from C and the vector pointing vertices A from D,
respectively. Let 6 and ¢ denote the angle between face ADE and the xy-plane and between face ABF
and the xy-plane, respectively. Under the assumption that vertices A—D do not move, these angles 6
and ¢ satisty the following equation so that the length of edge EF does not change:

a’ [(1+cos€)2 +(1+cosgo)2 +(sin¢9—sin(p)z] =4a’> < cos@+cosp—sinfsing =0 (1)

Equation (1) can be solved for ¢ as follows:

P (6=0)
p=1{2tan"' ((ﬁ—l)cotgj (0<O<r) (2)
0 (6=r7)

Therefore, ¢ is determined uniquely by €. The similar relationships hold for the pairs of faces ABF

and BCG, faces BCG and CDH, and faces CDH and ADE. Consequently, if vertices A—D do not move,
the angles between face BCG and the xy-plane and between face CDH and the xy-plane are also € and
@, respectively, from the compatibility conditions of the angles of the faces for the entire unit. This

implies that the unit has the single-degree-of-freedom finite mechanism expressed as Eq. (2) when
vertices A—D form a square and do not move. This finite mechanism is preserved when the multiple
units are connected as described in Section 1 and Fig. 2, and we refer to the rigid-folding path along this
finite mechanism as the primary path. Especially when € = ¢ and vertices E, F, G, and H also form the

square parallel to that formed by vertices A-D, let # =0 that is referred to as the singular state. From

Eq. (2), € is calculated as @ =2tan™’ \/\/E— =1.144 rad. - 65.53 deg.

2.2. Outline of infinitesimal mechanism analysis using panel-pin model

The infinitesimal mechanism of the single unit is analyzed using the panel-pin model [8]. This model
consists of rigid panels pin-connected to each other at their vertices. The folding deformation of the rigid
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origami is represented by the translational and rotational displacements of the centers of gravity of panels.
These panel displacements are treated as variables in the analysis under the compatibility conditions so
that the translational displacements of the connected panel vertices are the same in the deformation
process of the model. The detailed formulation of the compatibility condition for each pair of connected
vertices can be found in Ref. [§].

Let N, and N_ denote the number of panels and crease lines, respectively. The translational and

rotational displacements of all the panels in the panel-pin model are assembled into the generalized
displacement vector X € R*" . Then, the compatibility condition for the entire model is represented
using the incompatibility vector C(X) e R*", which is the assemblage of the incompatibility of the
displacements of the connected vertices, as follows:

C(X)=0 3)
Note that the support condition of the model is not considered in this paper, and the rigid-body motion
of the model is allowed. We assume X =0 in each folded state on the primary path determined by

specifying the value of @, and the first-order infinitesimal mechanism of the panel-pin model is
evaluated at X =0. When thei -th component of C(X) and the j-th component of X are denote by

C(X) (i=L...,6N),and X, (j=1,...,6N,), respectively, the compatibility matrix I' e R
defined as the matrix whose (7, /) component is 0C, (0)/8Xj (i=1,...,6N.; j=1,...,6N,) . From the

first-order differentiation of Eq. (3), the first-order infinitesimal mechanism of the panel-pin model at

6N 6N, -
1S

X =0 is represented by the vector X' e R*" satisfying
rx'=0 4)
The solution space of Eq, (4) is kerI" whose dimension is Ny =6N, —rankI". Here, N, is referred to

as the number of kinematic indeterminacies, and the bases of kerI' is referred to as the infinitesimal
mechanism modes, which include the six degrees of freedom of the rigid-body motions because the
support condition is not assigned. Consequently, the degrees of freedom of the rigid-folding mechanisms
are N, —6 for the panel-pin model.

We also investigate the existence condition of the second-order infinitesimal mechanism in each folded
state. The second-order infinitesimal mechanism is represented by the pair (X',X")e(R"",R*")
satisfying the following equations obtained by twice differentiating Eq. (3) [8, 9]:

IrX'=0
14 ! (5)
I'X"+HX'=0
where HeR® " is the matrix whose (i,j) component is zzzp(ézCi(O)/an@Xk)X,;

(i=1...,6N_; j=1,...,6N,),and X is the k -th component of X' (k=1,...,6N,). The condition for

the existence of X" satisfying Eq. (5) with non-zero X' is that HX' is orthogonal to all the bases of
kerI'" whose dimension is N, =6N, —rankT . Here, N, is referred to as the number of statical

indeterminacies, and the bases of kerI'" is referred to as the self-equilibrium force modes. Since HX'
is the quadratic form with respect to X', the existence condition for the second-order infinitesimal
mechanism is a system of N, quadratic equations for X' satisfying Eq. (4) [8, 9].

2.3. Results of infinitesimal mechanism analysis
The singular values of the compatibility matrix I' are investigated in each folded state on the primary
path by varying the value of @ in the range of 0.0017 <8 <0.9997 . In the case of the single unit, eight

singular values are less than 107'* and the remaining singular values are greater than 10~ regardless of
the value of €. Since the size of T" is 48x 48, the rank of I is 40 [10], and the degrees of freedom of
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the rigid-folding mechanisms are two excluding the rigid-body motion.

In addition, there are eight quadratic equations for the existence of the second-order infinitesimal
mechanism obtained from the eight self-equilibrium force modes. All the rigid-folding modes in each
folded state on the primary path satisfy these quadratic equations for all 8, and we can conclude that
the single unit on the primary path has two-degrees-of-freedom rigid-folding mechanisms that are the
potential finite mechanisms.

Rigid-folding mode 1 (b) Rigid-folding mode 2
z z A
y’@/rx T—»x ybx T—»x
Rigid-folding mode 1 (c) Rigid-folding mode 2

Figure 4. First-order infinitesimal mechanism modes of a single unit at
(a) @=30.12deg., (b) & =6 =65.53deg., and (c) #=90.00deg.

Figure 4 illustrates the first-order infinitesimal mechanism modes of the single unit excluding the rigid-
body motions at @=30.12deg., 0=6 =65.53deg., and 6=90.00deg. When 6 =30.12deg. and
60 =90.00deg., one mode corresponds to the primary path, and the other mode corresponds to the
twisting motion of the unit. On the other hand, when @ = @ , both of two infinitesimal modes are the

mixture of the deformation modes in two possible primary paths where the bottom four vertices or the
top four vertices are fixed.

3. Infinitesimal mechanism of 3x3 unit structure without panel thickness

The infinitesimal mechanism of the structure with three units in both directions of the grid, referred to
as the 3x3 unit structure, is evaluated using the panel-pin model. Each folded state on the primary path
is investigated in the range of 0.0017 <0<0.9997 , and we show that the number of kinematic

indeterminacies increases in the singular state 6 =0 . In this section, thickness of the panel is neglected.

Because the glued panels of the adjacent units have the same translational and rotational displacement,
the panel displacements in each pair of glued panels are expressed using the common variables in the
panel-pin model. Thus, the number of components in the generalized displacement vector X is

calculated as 6x (8 x3x3-2x3x 2) =6x60=360 , and the number of components in the
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incompatibility vector C(X) is 6x8x3x3=6x72=432. When 6 # = 65.53deg., there are seven

singular values of compatibility matrix I' which are less than 1074, and the remaining singular values
are greater than 10~. Therefore, the rank of I' can be regarded as 353, and the numbers of kinematic
and statical indeterminacies are 7 and 79, respectively, when 6 # 6 . On the other hand, when 8=6,
eight singular values are less than 107'%, and the remaining singular values are greater than 1072, This
implies that the numbers of kinematic and statical indeterminacies increase by 1, respectively, from the
other folded state. The first-order infinitesimal mechanisms excluding the rigid-body motions are shown
in Fig. 5 for #=30.12deg., =0 =65.53deg., and 6 =90.00deg.

The existence condition of the second-order infinitesimal mechanism is also investigated in each folded

state. When @ # 0 , the single-degree-of-freedom first-order infinitesimal mechanism excluding the
rigid-body motions satisfies all the quadratic equations, and we can conclude that this first-order
infinitesimal mechanism can be extended to the second-order infinitesimal mechanism and the finite
mechanism as well. This is also supported by the infinitesimal mechanism modes at 8 =30.12deg. and

6 =90.00deg. shown in Fig. 5 corresponding to the deformation in the primary path. On the other hand,

when 6 =@ , one of the two infinitesimal mechanism modes excluding the rigid-body motions satisfies
the quadratic equations for the existence of the second-order infinitesimal mechanism while the other
mode does not. The mode satisfying the existence condition of the second-order infinitesimal mechanism
is the rigid-folding mode 2 in Fig. 5(b) corresponding to the deformation in the primary path. The other
mode is the rigid-folding mode 1 in Fig. 5(b) and corresponds to the out-of-plane deformation of the
3x3 unit structure. This mode forms the bifurcation path in Fig. 2, and the deformation in this direction
cannot occur in the range of the large displacement without panel deformation.
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Figure 5. First-order infinitesimal mechanism modes of a 3x3 unit structure at
(@) @=30.12deg., (b) & =6 =65.53deg., and (c) =90.00deg.
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Figure 7. Model with thick panels. Materials of panels and hinges are
medium density fiberboard (MDF) and paper, respectively.

4. Assignment of panel thickness

This section shows the assignment of the panel thickness and the connectivity of the units with the panel
thickness. As shown in Figs. 2 and 6, the panel thickness is uniformly assigned in the outward normal
direction of each face of the unit. When the thickness is assigned in this way, the rigid-folding
mechanism of a single unit is the same as when the thickness is not considered, except for the contact of
the panels in the flat state.

The adjacent units are connected as in the case where the panel thickness is neglected. As shown in Fig.
6, the adjacent units consisting of vertices A—G and vertices A'-G', respectively, which are in the
inverted orientation to each other, are connected between the panels obtained by offsetting faces DEH
and B'F'G'. These panels are referred to as the panels DEH and B'F'G', respectively, for brevity. The
adjacent units are connected so that the following conditions are satisfied:

® The outer faces of panels DEH and B'F'G' are glued together.

® The vertex of the panel obtained by offsetting vertex D meets the center point of the edge of the
panel obtained by offsetting edge F'G'.

® The vertex of the panel obtained by offsetting vertex B' meets the center point of the edge of the
panel obtained by offsetting edge EH.

When the units are connected in this manner, the layout of the crease lines within each unit is the same
as in the case without panel thickness, and the relative position and orientation of the crease lines
between the units are determined by simply translating the units from the arrangement without panel
thickness. Therefore, although the initial relative positions between the glued panels are different from
the case where thickness is ignored, the translational and rotational displacements of these panels remain
identical. This leads to the same formulation of the panel-pin model between the cases with and without
the thickness of the panels, and the infinitesimal mechanisms of the model are not influenced by the
assignment of the panel thickness.

We made a physical model by using the method proposed here as shown in Fig. 7. There are 7x7 units,
and each unit consists of the 3 mm thickness panels with the bases of length 2a =60 mm. The panels

are made of medium density fiberboard (MDF) connected by paper hinges. As demonstrated in Section

3, this model has the rigid-folding modes corresponding to the primary path between the two flat folded
state and the bifurcation path showing the out-of-plane deformation that approximates a surface with
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negative Gaussian curvature. Although the mechanism corresponding to the bifurcation path is only the
first-order infinitesimal mechanism, relatively large deformation occurs in this direction with small
elastic deformation at the hinges compared to the other out-of-plane directions.

5. Conclusions

In this study, we present the origami-based structure that is rigid- and flat-foldable. A finite rigid-folding
path of the single unit is analytically derived, and the infinitesimal mechanisms of the single unit and
the 3x3 unit structure are investigated using the panel-pin model. It is shown from the infinitesimal
mechanism analysis that the single unit has two first-order infinitesimal mechanism modes that are the
potential finite mechanisms, and the 3x3 unit structure has one first-order infinitesimal mechanism mode
corresponding to the finite folding path connecting two flat-folded states. At the singular state, the 3x3
unit structure also has one first-order infinitesimal mechanism that does not satisfy the existence
condition of the second-order infinitesimal mechanism. This mode shows the out-of-plane deformation
approximating a surface with negative Gaussian curvature. These properties are also confirmed in the
physical model with 7x7 units.
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