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Abstract

This paper presents a method for the inverse design of restrained air-supported structures or pneumatic
formwork. The proposed approach consists of two main steps. We first solve a best-fit optimisation using
the force-density method. Considering the self-weight and air pressure, the optimisation determines an
equilibrium force distribution in the membrane as a discrete network that closely approximates a given
input surface. Subsequently, the force density results are materialised. By applying the finite element
method, we tailor the material properties of the membrane, specifically adjusting its stiffness, to achieve
the desired structural characteristics. To demonstrate the adaptability and effectiveness of our method, the
paper concludes with a series of examples showcasing its application.
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1. Introduction

Inflatable, or pneumatic structures are tensile structures supported by pressurised air. They have gained
increasing popularity across a diverse range of applications [1]. Characterised by their lightweight, fast
deployment and the capability to cover large spaces, inflatable structures have established their significance
beyond temporary shelters or installations, serving as fundamental components in essential architecture
such as sports stadiums and exhibition halls [2], [3].

Pneumatic structures are stabilised by air pressure and can naturally form synclastic geometries (Figure 1
left). This property makes them ideal to be used as formwork for domes and self-supporting vaults or shell
structures, which are dominated by the synclastic curvature to direct compressive forces towards the
supports [4], [5], [6], [7], [8] (Figure 1 right).

Despite their advantages, designing pneumatic formworks for constructing geometrically precise structures,
particularly those with free-form shapes, presents substantial challenges. Inflatables, comprising membrane
patches, are form-active structures prone to deformation under external loads. Incorporating restraint
mechanisms, such as cables or webbing, into the inflatable system can significantly enhance stability and
precision [9], [10], [11]. These enhancements allow for the use of a "loose balloon", which does not
necessitate precise pre-inflation positioning yet achieves exact geometry upon inflation due to the existence
of the restraints. This method shifts the design challenge to determining the optimal constraints under given
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loads, requiring an optimisation process to identify the desired force distribution and materialisation of
these constraints.

Previous work [12], [13] has investigated the design of cable network constraints. Advancements in digital
fabrication technologies, including 3D printing [14] and CNC knitting [15], have enabled the creation of
membrane restraint materials with variable stiffness. However, a clear and comprehensive framework for
designing these constraint systems for inverse design in architectural applications remains unclear. Thus,
the primary aim of this paper is to delineate a detailed workflow for the inverse design of restrained
pneumatic formwork with materials that, once fabricated, can be inflated to form a target geometry.
Furthermore, this paper proposes methodologies for materialising the restraint mechanism.
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Figure 1: left) Cable-restrained pneumatic formwork for a rainwater interceptor tank [16]; right) A variety
of compression-only shell geometries for a circular support that can potentially be built with pneumatics
[17].

2. Related work

Inflatable structures fall within the broader category of tensile architectures, distinguished by their reliance
on air pressure for form and stability. Throughout history, many researchers have investigated how to
understand and determine the principles guiding the shapes and behaviours of such structures.

Early explorations centred around physical testing. In the 1960s, Frei Otto documented a set of experimental
pneumatic structures in his book Tensile Structures, Vol. 1 [18], where he employed cables and meshes to
restrain the elastic membrane. Most of these designs were rooted in architectural pragmatism with potential
scalability for use as shelters and roofs. More recent experiments include Inflated Restraint [11], which
uses cables to shape large areas of anticlastic curvature; Pneulastics [9], which experiments on the influence
of membrane thickness on shape control; and Paul et al.’s development [19] of an interactive design and
fabrication procedure that can robotically modulate the membrane by adding constraints.

Advancements in computer technology have given rise to numerous computational methodologies for the
form finding of cable nets, prestressed membranes, and pneumatic structures. These approaches can be
classified as 1) geometric methods, including the force density method (FDM) [20] and the combinatorial
equilibrium modelling method (CEM) [21]; 2) dynamic relaxation methods (DRM) [17]; and 3) finite
element method (FEM) [17].

FDM is the state-of-the-art method for form finding tensile structures. It uses a concept known as force
density, the ratio of the force within an element to its length, to transform a non-linear array of equilibrium
equations into a linear format, providing specified boundary conditions and external loads. Conversely,



Proceedings of the IASS Symposium 2024
Redefining the Art of Structural Design

CEM constructs equilibrium through sequential steps using 3D graphic statics and allows alterations in
topology and the designation of tension and compression members. In [21], CEM was used for the
conceptual design of air-supported structures. Despite the geometric foundation of FDM and CEM, they do
not account for material properties, and thus, an additional step of materialisation is required. DRM solves
dynamic equilibrium by converging towards a steady-state solution [22]. However, these methods are
favourable in the case of cable networks, and the translation of axial forces into membrane stresses can pose
challenges. While uniform or gradient stress distributions facilitate straightforward materialisation into
cutting patterns, non-uniform distributions may induce distortion due to shear stresses [12].

On the contrary, FEM incorporates both the material properties and the geometric configurations. Widely
adopted in engineering for structural analysis and direct form finding [23], FEM has also been applied to
the inverse design of inflatables, aiming to achieve predefined geometries [24], [25], [26]. Using FEM for
inverse design is notably difficult because of the large search space for unknown variables such as
undeformed geometry and material characteristics, and the optimisation process is often non-linear and
non-convex, posing substantial challenges. Utilising FEM, Disney Research has investigated how to use
different patches, as well as elastic membranes, to fit a target geometry [25]. Moreover, FEM-based
optimisation demands significant computational resources, particularly when dealing with complex meshes
and non-linear material models [26].

3. Methodology

This paper aims to develop a method for restrained pneumatic formwork, which accounts for the first layer
of the material's self-weight (e.g. wet concrete) and enables the creation of complex target shapes upon
inflation. We propose the workflow illustrated in Figure 2. Given a target geometry and external loads (1),
we first solve a best-fit optimisation using the iterative FDM (2) and materialise the force flows (3) by
varying the material properties using FEM (4).

user defined Iterated FDM FEM

Figure 2: Outline of the workflow for designing the restrained pneumatic formwork.

3.1. Iterative FDM and best-fitting optimisation
In a discrete network, the force density method (FDM) introduces the force density g as the ratio of axial
force, F, to its length, [:

q=F/1 1)

Every free node in the network is in equilibrium under external loads. This can be represented
mathematically as:
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Px = CyQCyxy + CyQCrxp (2)
Py = CyQCyyn + CHQCryr (3)
Pz = CNQCyzy + C{QCrzp (4)

where p is the external load, Cy is the branch-node connectivity matrix of the free nodes, Cr is the matrix
of fixed nodes and Q is the diagonal matrix of the force densities.

By setting Dy = CLQCy and Dr = CFQCr, the free nodal positions can be found:

xy = Dy (py — Dpxp) (5)
YN = Dﬁl(Py - DFyF) (6)
N = Dﬁl(Pz — Drzp) (7)

The equilibrium geometry under air pressure can be form found iteratively using FDM. The inflation forces
are always pointing outwards and perpendicular to the membrane surface. By starting with an initial
geometric configuration, the tributary areas impacted by internal pressure can be calculated as nodal forces.
Thus, the form-finding procedure needs to iterate until the disparity between successive equilibrium
geometries falls below a predetermined threshold.

Based on the direct form finding, we can optimise the force densities g to find a best-fitting solution for the
target geometry. Assuming that the reference compression-only geometry is derived using thrust network
analysis (TNA) [27], the same discrete topology can be used for our optimisation (Figure 2-1). The first
step involves setting an inflation pressure and initial force densities to reach a first state of equilibrium
(Figure 2-2).

We minimise the sum of distance D; between the nodal position of the free vertices X; and an approximation
of the objective surface S:
min 3, Df (8)

Given S; as the closest point on the reference surface, equation (8) can be written as the following energy
function, where x;, y;, and z; are a function of g according to equations (5) (6) (7).

f@ = ZillX; — siII” 9)

To identify the best-fitting solution, we aim to find the optimal g that minimizes the energy function
f(q). We employ a gradient descent algorithm, updating the force densities as well as the closest fitting
plane in each step as follows:

qt+1) = qt) — AVf(q(®)) (10)
Here A is the time step, and V is the gradient operator. Applying the chain rule, the gradient of the energy
function can be analytically derived as:
dx;
dq

Vi) =X 2+ (X; = ) (11)
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Here, the gradients are:

Z—: = —DyCHdiag(Cx) (12)
2 = —Dy'Cfdiag(Cy) (13)
Z—; = —Dx'Cldiag(Cz) (14)

We implemented this section in Python using numerical computing package NumPy and the COMPAS
framework [28].

3.2 Material properties optimisation

In Section 3.1, we ascertain the magnitude of forces within our discrete network, albeit in a manner that is
independent of material properties and requires an additional materialisation step. Instead of searching for
an ideal undeformed geometry utilising homogeneous materials, we seek to modify the material properties
to adjust the stiffness. This modification aims to maintain a uniform deformation ratio across the surface.

The force-density outcomes allow for the calculation of the undeformed edge length [, through the
equation:

(1+5) =1 (15)

Here, E represents Young’s modulus along the edge, and A is the cross-sectional area perpendicular to the
edge. To maintain uniform deformation 17" across the mesh, we keep the ratio % constant.

F
A Cc (16)

This implies that the modulus E should be directly proportional to the force F, or E o< F. Considering a
homogeneous material's thickness allows for the adjustment of E by locally varying the thickness t while
maintaining tELA constant, leading to t « F.

0

From equation (15), the undeformed mesh is determined by scaling the target geometry by a factor r.

r==2 (17)

Parameterising r, t and pressure p within the FEM, we can minimise the deviation from the target
surface S. We add the regularisation term L, to the objective function, which is the thickness
Laplacian on the mesh faces to ensure smooth material variation.

min¥; || X; = Sill? + || Ly |I? (18)

The nodal positions X; can be calculated by the principle of virtual work, ensuring equilibrium between
membrane stresses S and external loads p, which include the self-weight of the external materials and
applied surface pressure over the membrane area A.

éw = [ (tS:8E —pSu) dA =0 (19)

Here Sw represents the virtual work done, §E is the strain tensor, and du is the virtual displacement.
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This section's implementation utilises C++ alongside the Eigen [29] and Geometry Central libraries [30].
We solve the equilibrium equation (19) with a Newton-Raphson method combined with a line search and
employ a genetic algorithm for the optimisation problem of equation (18).

4. Results and Discussion

4.1 Results

We test our workflow on a creased vault, taken from [4], which is a synclastic vault form found using TNA
and its user interface RhinoVault [5], [27]. During the form finding, we define the topology of the thrust
network as well as the magnitude of the gravity load, which will be a 2cm thick light-weight concrete
(1600kg/m?) on the formwork. The vault has geometric features, i.e. creases, that introduce anti-clastic parts
into the geometry. Three sides of the boundary are fixed, and one side is open.

In the best-fitting optimisation, the boundary vertices are all fixed, including the ones along the opening.
The optimised force densities are depicted in Figure 3, left. We apply the isotropic St. Venant—Kirchhoff
material law for the FEM optimisation. The standard membrane has Young’s modulus of 50kPa and the
Poisson’s ratio of 0.38. Figure 3, right, illustrates variations in membrane thickness obtained from the
optimisation; we constrain the membrane thickness to range between 0.12 and 1.2 compared to a standard
membrane. Controlling and fabricating membranes with variable thickness, however, poses practical
challenges. Consequently, based on our findings, we categorise the thickness into three distinct groups and
aimed to minimise the deviation from the target geometry. The result with three materials, shown in Figure
4, indicates a maximum deviation of 0.5% in the largest span of the structure compared to the input
geometry.

Figure 3: Creased vault: left) Force density results shown in red, and reaction forces shown in green; right)
Optimised membrane thickness.
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Figure 4: left) Creased vault membrane thickness, limited to only three different membrane thicknesses;
right) Deviation from the target geometry.

Additional results are presented in Figures 5 and 6.

Figure 6: Cross vault; left) Force density results; right) optimised membrane thickness.
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4.2 Discussion

Our methodology divides the task of inverse design of the pneumatic structures into a two-part process.
The initial phase employs the force density method to determine the force distribution over the surface
quickly. Drawing from these results, the choice of material can then be specified, ranging from cable
networks, as documented in existing literature [12], [13], to continuous membranes with variable material
properties. While the direct optimisation for inverse form finding via FEM is often challenging and not
straightforward, the preliminary force density outcomes serve as an effective starting point for the material
property optimisation, which then converges quickly. We can also extend our method to design hybrid
systems, such as a combination of cables and membranes or bending-active rods and membranes.

Additionally, it is important to note that although this paper's outcome primarily focuses on the use of
homogeneous materials, the material model can be adapted in Section 3.2 to accommodate anisotropic
materials, such as orthotropic fabrics or knitted fabric with different knitting patterns.

An observation from our study in Section 3.1 indicates that for certain input geometries, such as Figure 6,
our method may settle into a local minimum. This is because TNA assumes all vertices are constrained in
the xy-direction, and the gravity loads only have a z-component. The presence of non-vertical loads from
air pressure invalidates this constraint. In FDM, vertices are free to move, and nodal loads can be applied
in any direction. Thus, in such instances, to have a feasible, best-fitting solution for the force densities, we
can either remesh the input network topology, or add a subsequential step to identify the nearest face on the
mesh and calculate the distance from the point to this plane instead of the corresponding vertices.

However, the scope of this paper does not extend to the practical aspects of fabrication, which remains an
area for future investigation.
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