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Abstract

Form-finding methods enable the design of lightweight structures like thin shells and long-span bridges.
While form-finding methods share the goal of computing shapes in static equilibrium, each method is
built around specific numerical assumptions that make them specialize to a particular group of struc-
tural typologies. However, practical lightweight structures are often assemblies of distinct substructures
and typologies, conditioned on specific geometric, fabrication, and mechanical constraints. While ap-
proaches to solving such constrained form-finding problems exist, they show limited success in com-
puting optimal shapes in complex design tasks. In this paper, we explore an integrated form-finding
method that couples the force density method (FDM) and the combinatorial equilibrium modeling
(CEM) framework using automatic differentiation and gradient-based optimization. Our approach fa-
cilitates direct communication between the FDM and the CEM, enabling efficient shape optimization of
complex lightweight structures. In a case study, we demonstrate that our approach computes equilibrium
shapes that meet target constraints with ten times higher accuracy than current methods, and without
extra computational cost. By leveraging the individual strengths of different form-finding methods in a
unified workflow, we foster the development of enhanced optimization tools for structural design.
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1 Introduction

Form-finding methods facilitate the conceptual design of lightweight structures as they generate shapes
that enable these structures to withstand loads predominantly via axial forces. As a result of this me-
chanical behavior, a structure bears loads with less material volume than a structure whose shape has not
been form-found. Several geometry-based form-finding methods have been developed over the last fifty
years to design lightweight structures modeled as pin-jointed, bar frameworks [1[]. The array of methods
is wide, ranging from the canonical force density method (FDM) [2]] originated in the 1970s, to con-
temporary approaches such as the thrust network analysis (TNA) [3]] and the combinatorial equilibrium
modeling (CEM) framework [4] invented in the 2000s.

While form-finding methods have the same general objective, which is to compute static equilibrium
shapes, they do so by making specific numerical and modeling assumptions. These assumptions spe-
cialize the method, explicitly or not, to a particular set of structural typologies. For example, the TNA,
frequently applied in thin masonry shell design, fixes a structure’s projection on-plan for vertical loads
by separating horizontal and vertical equilibrium calculations [5} 6]]. The CEM caters to the optimization
of structures like bridges and towers because it propagates static equilibrium sequentially in a layered
structure [7, |8]]. In contrast, the FDM computes vertical and horizontal equilibrium configurations at
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Figure 1: Lightweight structures are assemblies of distinct substructures and typologies. Left: a cable-
stayed bridge. Middle: a post-tensioned observation tower. Right: a membrane shading system.

the same time on unstructured networks, and is commonly used for cablenet, membrane, and tensegrity
optimization [9, [10].

Nevertheless, real-world lightweight structures are complex because they often are assemblies of dif-
ferent shells, trusses, cablenets, and other structural typologies. Moreover, each of them is subject to
particular constraints that arise, for instance, from architectural and fabrication requirements in a design
project. Despite their apparent discrepancies, these structural components must work together to resist
applied loads and transfer them towards the structure’s foundations.

To address these constrained form-finding problems, it is often resorted to two optimization-based ap-
proaches. The first approach optimizes all structural components simultaneously with a single form-
finding method. This would amount to optimizing the shapes of the deck and cables of the bridge dis-
played in Fig.[T]at the same time. But this often results in poor convergence due to conflicting constraints,
leading to unsatisfactory solutions. The second approach, which aligns more with engineering intuition,
involves form-finding each component independently, passing loads from one component to the next.
For instance, in the observation tower in Fig. [I] the external cables can be optimized first, followed by
the observation platforms, and the interior masts at last. The drawback of the second approach is that
optimizing components independently can hinder subsequent components in the chain from reaching an
optimal shape. In general, both approaches require potentially extensive calibration to produce adequate
geometries, slowing the design process and limiting the integration of geometric form-finding methods
into current, digital structural design workflows.

How to combine form-finding methods more efficiently to compute optimal shapes for lightweight struc-
tural design? This paper explores a third approach by coupling two different form-finding methods in a
unified computation pipeline via automatic differentiation and gradient-based optimization (Section [2).
To this end, we study the effect of having the FDM and the CEM communicate during form-finding and
optimization in the search for an optimal shape in equilibrium for a cablenet-stayed bridge that fulfills
a priori design constraints (Section [3)). The proposed coupling enables the simultaneous optimization of
the parameters of both form-finding methods to minimize a loss function end-to-end. Our experiments
show that our approach outperforms other existing methods in generating optimal shapes for complex
lightweight structures. The paper ends in Section 4] where we provide conclusions and outline future
work directions.
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Figure 2: We integrate the CEM framework and the FDM in a single computation pipeline to efficiently
optimize the structural geometry of a cablenet-stayed bridge.

2 Methods

Our goal is to calculate optimal equilibrium shapes by coupling two form-finding methods with the
approach illustrated in Fig. 2] Section[2.1|explains how to compute an equilibrium shape with the FDM
and the CEM, first separately and then jointly. Afterwards, Section describes how to constrain the
calculation of that shape by feeding the form-finding methods’ derivatives to a gradient-based optimizer.

2.1 Equilibrium computation

In our approach, a pin-jointed bar structure is modeled as graph G, where the graph edges correspond
to the structure’s bars, and its vertices correspond to the structure’s free and supported joints (Fig. [3a).
A form-finding method then calculates a state of static equilibrium U given specific load and support
conditions. The primary attribute in U is the position in equilibrium of every unsupported vertex, x
(i.e. the shape in static equilibrium of the structure). The other attributes that complete U are the bar
axial forces f (tension or compression) and lengths [, and the reaction forces at the supports, r. They are
calculated after generating a shape in equilibrium. In addition to GG, a form-finding method requires a
set of continuous parameters as input to calculate U. These parameters are specific to the FDM and the
CEM way of computing equilibrium.

2.1.1 Force density method (FDM)
The FDM requires parameters ¢ to compute a state of static equilibrium U on G:
U = FDM(¢, G)

These parameters are the force densities of the graph edges (which define the ratios between the bar
forces and lengths in the equilibrium state), the applied loads, and the position of the support vertices [2].
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Figure 3: We model a cablenet-stayed bridge as a single graph G and apply loads and support conditions
to create a structural system for form-finding. We can alternatively model this structure as a pair of
graphs (G; and (G, mechanically coupled across a shared interface of coincident vertices.

To obtain the free vertices position in static equilibrium X, the FDM solves a linear system of equations:
X=K'P

In this system, K is the geometric stiffness matrix given by the bars’ force density and the graph’s
connectivity and P corresponds to the loads applied to the free vertices, minus the contribution of the
fixed vertices forces. Additional details on calculating the other components of U are found in [2}|11].

2.1.2  Combinatorial equilibrium modeling (CEM)

The CEM also operates on an input graph G, but unlike the FDM, the edges of G must be labeled as
either trail or deviation edges [4]]. One of the benefits of labeling the edges is that it allows the CEM
to directly accept forces f and lengths [, in addition to the applied loads, as the input parameters ¢ for
form-finding:

U = CEM(4,G)

Furthermore, the distribution of edge labels dictates how to group the vertices of G into a sequence of
vertex layers. The order of these layers is relevant because the CEM computes the position in equilibrium
of the free vertices one layer at a time. More specifically, the position Xy of the vertices in the k + 1
layer depends on the position X}, of the vertices in the previous layer, k:

Xpy1 = Xy + 1} T

where 1, represents the signed lengths of the trail edges connecting layers k and k£ + 1; and Ty, is the
unit-length residual vector resulting from adding the contribution of the force vectors of the deviation
edges and the applied loads incident to k. The remainder of U can be computed with the formulae given
in 4} [7].
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2.1.3 Coupled equilibrium

Now, we look at how to generate an equilibrium state U with the FDM and the CEM while maintaining
mechanical compatibility.

First, we split the graph G that represents the structure of interest into subgraphs Gy and G5. The parti-
tioning is arbitrary, but it should ideally be done by breaking down the structure into distinct components
following the load path. In Fig. [3] for example, we split a stayed bridge into a deck and a cablenet. After
splitting, we add temporary supports to the group of vertices of (G; at the interface with G (Fig. [3b).

Then, we perform the computation of an equilibrium state for G in two stages. In the first stage, we
calculate an equilibrium substate U/; on G; with one form-finding method, and in the second stage, a
substate Us on G5 with another method. Here, we employ the CEM and the FDM for the first and second
stages because of their documented suitability to form-find bridges and cable structures, respectively [10,
4, [7]. The equilibrium state U of the global structure results from concatenating both substates.

One of the key ideas in our approach is that the equilibrium state generated by the CEM supplies a
portion of the input parameters of the FDM:

U = FDM(CEM(0, G1), ¢, G2)

In Fig. [3b] the data transferred from the CEM to the FDM are the reaction forces on the temporarily
supported side of the deck. However, parameter transfer alone is insufficient to ensure mechanical com-
patibility at the interface between graphs. To achieve mechanical coupling, the reaction forces are applied
as loads to the cablenet vertices that interface with the deck, and the position of these cablenet vertices
must match that of their counterparts on the deck. While imposing the first condition is straightforward,
fulfilling the second one needs optimization.

2.2 Constrained form-finding with gradient descent

Classic form-finding methods have to be complemented by other numerical techniques to constrain an
equilibrium state so that it satisfies additional geometric, fabrication, and mechanical requirements. Here,
we cast such a constrained form-finding task as an optimization problem following a penalty approach,
by formulating a loss function £(6, ¢) in terms of the FDM and the CEM parameters:

L(0.¢) =T —-U®, )|

The loss function measures the squared distance between the attributes of an equilibrium state U pro-
duced by the coupled CEM and FDM (Section , and those in a target state U with the constraints.
Next, we solve the optimization problem by finding the parameter values that minimize the loss. By
reducing the distance between states, the resulting optimal parameters produce an equilibrium state that
fulfills the targets in a least-squares sense:

0%, ¢* = argmin L
0,0
We employ gradient descent and associated gradient-based optimization algorithms to minimize the loss.
Gradient descent is an efficient approach to solving optimization problems by iteratively updating the
continuous form-finding parameters 6, ¢ in the negative direction of the gradient of the loss:

oL [OFDM OCEM OFDM
OFDM |0CEM 00 ' ¢

VoL =
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The gradient expression provides insight into how both form-finding methods communicate during op-
timization: the derivative of the CEM w.r.t. its inputs 6 is scaled by the derivative of the FDM output
w.r.t. the CEM’s output. As a result, the CEM parameters can be tuned so that the equilibrium state
computed by the FDM diminishes the loss.

Traditionally, evaluating the gradient for optimization requires the formulation of analytical equations
for the derivatives. This process can be time-consuming and error-prone. Instead, we conveniently obtain
exact gradient values (exact up to computer precision) without analytical equations with reverse-mode
automatic differentiation [[12]]. This is possible because we have access to auto-differentiable implemen-
tations of the CEM [7]] and the FDM [11].

3 Case study

We want to understand the effect of coupling two form-finding methods on the solution of a complex
form-finding task. To this end, we benchmark our method against two other current approaches [/7, [11]]
to calculate an optimal shape for the cablenet-stayed bridge displayed in Fig.

The three tested approaches are:

* FDM: Optimizing the entire bridge graph G using a single form-finding method, the FDM.

* CEM/FDM: Solving the task in two separate stages, as per Section [2.1.3] but without derivatives
transfer. We optimize the deck with the CEM, fix the found parameters, and use them as static
inputs to optimize the cablenet with the FDM (Fig. [3b).

* CEM+FDM: Our integrative approach, transferring parameters and derivatives between the two
form-finding methods to solve the optimization problem end-to-end.

We solve all the optimization problems with L-BFGS-B [13]], setting the maximum number of iterations
to 500 and the convergence tolerance to 1 x 1075, We pick the cablenet force densities and the deck
internal forces as the optimization parameters, ¢ and 6, of the FDM and the CEM methods, respectively.
All three approaches are initialized with the same starting parameter values. We use JAX [[14, (157, [11]]
as the differentiable programming ecosystem to execute the experiments.

3.1 Structural system

The bridge spans 22 meters between supports, as shown in Fig. It consists of a rigid deck that is
curved on-plan and suspended longitudinally on one side by a tensile cablenet. On the other side, the
deck cantilevers.

The deck is initially 0.6 meters deep and 2.5 meters wide. The deck is composed of 10 triangular trusses.
Every vertex at the top of the trusses is subject to a vertical point load of 5/8 kN. The trusses transfer
one portion of the applied loads to a bottom chord that runs continuously until it reaches the supports at
the two support abutments of the structure. The other portion of the loads is transferred to the cablenet.

The cablenet is a network of cable hangers weaved in a hexagonal pattern, transferring their share of the
deck loads progressively until they reach a main longitudinal cable at the top. The height between the
top of the deck and the main cable supports is 3 meters. On plan, the cable supports are offset 5 meters
from the deck.
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Figure 4: Task definition for the constrained form-finding of a cablenet-stayed bridge. The goals are
defined on the vertices and edges of graphs G; and G'.

3.2 Design constraints

The main objective of this task is to compute optimized shapes for the deck and the cablenet so that the
applied loads only exert internal axial stresses in the structure. This condition is fulfilled if the entire
bridge is in static equilibrium. Additionally, the deck and the cablenet shapes must comply with five
constraints to produce a feasible bridge design. These requirements, illustrated in Fig. 4] are a mix of
geometric, fabrication, and structural specifications:

1. Curved deck shape: The cantilevered side of the deck should be equally spaced on a quarter of
a circle with a 15-meter radius. Therefore, the position of the deck vertices on that side ought to
match the target positions X;.

2. Uniform truss spacing: The trusses should be spaced evenly on the bottom chord. We constraint
the position X5 of the chord vertices to slide along a line on the same tangent plane as X;.

3. Mechanical compatibility: The vertices at the free ends of the cablenet must reach the position
X3 of the vertices they interface with on the deck.

4. Target cable lengths: To simplify fabrication, we look for an equilibrium state where the length
of the cablenet hangers is [ = 1 meter.

5. Equalized cable forces: The internal force of the edges in the main longitudinal cable should
reach a value of f = 10 kN to manufacture it from a single cable diameter that is fully stressed.

3.3 Results and discussion

Fig. [5|shows the convergence plots of the three evaluated approaches after solving the constrained form-
finding problem.
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Figure 5: Convergence plots for the constrained form-finding problem solved with three different ap-
proaches to optimize the structural shape of a cablenet-stayed bridge.

The FDM optimization reaches a minimum loss value of £ = 2.5 after exhausting the maximum number
of iterations in 1 second. Fig. [6a] depicts the deck and cablenet’s equilibrium states generated by the
FDM. The deck shape exhibits adequate performance in achieving the first two constraints: the topmost
deck vertices lie on the target curve, and the chord vertices stay on the target lines within a mean distance
of 0.1 meters. The location of the bottom chord at the abutments is unchanged, although the chord bulges
upwards at midspan. In the cablenet, the average force in the main longitudinal cable is f = 10 and
fulfills constraint 5, but the average length of the cablenet hangers is [ = 0.91, about 10% off from
constraint 4’s specification. The resulting cablenet design is thus unsatisfactory.

Next, we look at the results produced after solving the constrained form-finding problem with the CEM
and the FDM separately (CEM/FDM). This disjoint optimization takes a total of 311 iterations and 2.5
seconds. The convergence curve of the CEM/FDM approach in Fig. [5] consists of two segments con-
nected by a sharp discontinuity. The first segment reflects the convergence history of the optimization
problem solved with the CEM, and the second to the one addressed with the FDM. The CEM optimiza-
tion converges to a final loss value of 0.0005 in only 64 iterations, indicating that the computed deck
shape fulfills constraints 1 and 2 by tightly matching the target positions. Like in the first approach, the
bridge’s bottom chord bulges upwards in the middle, but here the deck section is deeper (Fig. [6b).

Nevertheless, the success of the deck optimization with the CEM is at the expense of that of the cablenet
with the FDM. This issue is reflected in the second segment of the CEM/FDM loss curve in Fig. [5]
At the outset of the FDM optimization, the loss surges drastically from 0.0005 to 1546.1. While the
gradient-based optimizer can drive the loss down fifty-fold to £ = 30.7 in 247 iterations, the combined
loss value of the deck and the cablenet optimizations is the largest relative to the other two approaches
(30.7 vs. 2.5 and 30.7 vs. 0.2). These results situate the CEM/FDM as the worst-performing approach for
the bridge design. The cablenet shape in Fig. |6b| further evidences the poor performance of optimizing
the CEM and the FDM parameters separately. In particular, we note that the cablenet is unable to match
the position of the deck vertices at the interface (they are on average 1.35 meters away from their target
position, failing to fulfill constraint 3) and that the lengths of the hangers are visibly uneven (not meeting
constraint 4).

We attribute the poor performance of the disjoint CEM/FDM approach to the lack of parameters and
derivatives transfer between optimization stages. Since the first stage is unaware of the second one
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Figure 6: Optimal equilibrium states for a cablenet-stayed bridge. Our approach produces the solution
that best satisfies the imposed design constraints. Edges colored in blue denote axial compression, and
those in red, axial tension.

during optimization, the deck shape converges to a local optimum that fulfills constraints 1 and 2, but
whose resulting reaction forces at the interface, which are then applied as loads on the cablenet, then
jeopardize the computation of a suitable tension-only equilibrium state in the second stage.

In contrast, the integrative CEM+FDM approach can tune the transferred reaction forces during opti-
mization to solve the posed constrained form-finding problem successfully. Our approach monotonically
converges to a final loss value of £ = 0.2 in 248 iterations (Fig. [5). This loss is at least one order of
magnitude lower than the FDM approach, and two orders of magnitude lower than the CEM/FDM ap-
proach, demonstrating the advantages of our approach in calculating a shape that satisfies the 5 design
constraints. Additionally, we note that good convergence does not incur additional computational cost:
the optimization runtime of CEM+FDM is 1 second, equal to the FDM’s, and 2.5 times faster than the
disjoint CEM/FDM approach.

Visual inspection of Fig. [6c|confirms the enhanced performance of our method. For example, the vertices
at the interface between the deck and cablenet overlap (as the distances between them are only 0.01
meters on average); the interior cable length reaches a mean value of [ = 1 (the target length is [=1
in constraint 4); and the forces in the main cable match the target of f = 10. An interesting geometric
feature to highlight here is that unlike the shapes generated by the two other approaches, the shape of the
deck’s bottom chord computed by our CEM+FDM method is a deep continuous arch instead of a bulged
ribbon. We hypothesize that the arched chord helps simplify the deck’s load path and allows the cablenet
to hold part of the deck loads more effectively to resolve the target constraints in a tensile internal stress
state. The arch shape is found automatically by our approach.

4 Conclusion

In this paper, we explore how to couple the FDM and the CEM with automatic differentiation and
gradient-based optimization to solve complex constrained form-finding problems. By sharing equilib-
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rium and derivatives information between methods, we show that we can efficiently compute a con-
strained shape in static equilibrium for a cablenet-stayed bridge. In particular, we demonstrate that our
approach converges to an optimal solution that matches target constraints with one order of magnitude
higher accuracy than the shapes generated by either a single form-finding method or two methods used
separately, and at no extra computation time. In the future, we want to formalize our approach into a
general equilibrium framework that integrates more form-finding methods into the same computation
pipeline and utilizes them to their strengths. We are also interested in measuring its robustness under
different starting parameter values and in other constrained form-finding problems. Ultimately, we hope
our work supports the practical design of lightweight structures by unifying the currently disjoint but
rich palette of both traditional and modern form-finding methods available in the literature.
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