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Abstract

For time and cost reasons, reinforced concrete floor systems often employ simple reinforcement layouts.
However, this can mean that the amount of reinforcement required is greatly in excess of that needed.
Although optimal reinforcement layouts were the subject of research in the 1960s, with researchers iden-
tifying alternative layouts that required up to 37 % less reinforcement, practical methods of constructing
these layouts were not available at that time. Given the increasing availability of digital manufacturing
techniques, coupled with the need for material efficiency in the light of the climate emergency and the
high embodied carbon associated with steel and concrete, it is of interest to now revisit this area. In
this paper, grillage layout optimization is used in conjunction with the proven laser-cutting digital man-
ufacturing technique; grillage layout optimization allows the most efficient reinforcement layout to be
identified for a slab of given loading, geometry and support conditions. The identified reinforcement can
then be detailed in line with code of practice rules, prior to being transformed into a ‘reinforcing plate’
that can be laser-cut from a steel sheet. In the paper, experimental results derived from small-scale tests
are presented. These indicate that the load carrying capacities of optimally reinforced slabs are 33 %
higher than those of traditionally reinforced slabs, when all slabs contain the same mass of reinforce-
ment. Issues such as the importance of using ‘nibs’ to achieve adequate concrete-to-steel bond when
using laser-cut steel plate as reinforcement are also briefly discussed.
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1. Introduction
Reinforced concrete remains the most used building material in modern construction [1], with one of its
main applications being concrete floor structures, in particular the concrete flat slab. RC floor systems
contribute around 50-60 % of the total building mass for concrete construction, and with gross floor area
requirements worldwide set to double by 2060 [2], innovations into making materially efficient designs
are a key topic of interest in the research community as well as within industry practices.

Considering concrete slab construction, reinforcement is used to provide strength to resist tensile stresses,
whilst the concrete provides strength to resist compressive stresses. Traditional reinforcement design
practice for concrete flat slabs involve the use of solid circular steel bars, which are welded or tied to-
gether with wire in an orthogonal grid format to form a reinforcing mesh. Multiple meshes can be used
in conjunction; however these must be manually tied together to prevent movement during concrete
pouring, a task that was identified in Manolache et al (2010) [3] as being the most physically demanding
task for a rebar installer. Another issue that arises with standardized reinforcing meshes are the finite set
of available sizes / lengths, which often leads to engineers having to round up to the next available size
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of mesh. Additionally, as the provided reinforcement is usually constant over the span of a slab, sizing
of the reinforcement is based on the largest design moment, which leads to more steel being used than
necessary. The reinforcement must also be cut to fit the size of the slab, leading to material wastage
amounts in the region of 3-5 % of the total steel volume [4], and potentially more in the case of larger
diameter bars. Nevertheless, a uniform reinforcing mesh allows for a simple fabrication process and
allows a certain degree of design safety. As reinforcement accounts for around 25 % of the total cost of
concrete flat slab construction [5], judicious structural design of slab reinforcement is needed to prevent
unnecessary material costs as well as wastage.

Structural optimization techniques can offer a solution to materially-inefficient reinforcement design, by
allowing new design possibilities to be explored for concrete flat slab reinforcement, which utilize more
efficient load paths. Optimization techniques for the design of flat slab reinforcement were first explored
in the 1960s and early 1970s, with methods of designing reinforced concrete slabs with minimum steel
volume proposed; these used equilibrium methods that, in the context of slab design, could be reduced
to simple elementary beam analysis [6]. This led to experimental work involving a range of alternative
reinforcement layouts for a uniformly loaded square slab, with up to 37.5 % material savings possible;
all tested samples achieved a higher than predicted failure load. However, despite the potential steel
savings, it proved time-intensive to fabricate the associated optimal reinforcement layouts from standard
rebar and thus these were considered to be of ‘purely academic interest’ [7].

In the present study, optimal reinforcement layouts are revisited, now utilizing the numerical grillage
optimization method developed in [8]. This optimization technique applies a ground structure approach,
whereby a planar network of potential beams are used to identify the most efficient load path for a slab
of given loading, geometry and support conditions. In doing so, bending moments are determined for
each beam in the optimal configuration and thus can be used to determine the reinforcement required, in
line with code of practice rules. A simple union function is then used to combine all reinforcing strips
to form a singular reinforcing plate.

One common issue highlighted within almost all previous work on optimal reinforcement design is
the constructability of the layouts that are produced. To address this issue, the digital manufacturing
technique of laser-cutting was used, which allows for an automated and accurate process of fabricating
optimal reinforcing layouts from steel plate. Similar implementations of steel plate reinforcement for
concrete construction have been previously explored for beam [9] and column [10] applications; however
to date there do not appear to have been similar research studies involving use of steel plate reinforcement
in slab elements. As steel plate typically has a smooth surface finish, as opposed to traditional ribbed
rebar, the innovative ‘nib’ detailing developed by [11] has been used; the inclusion of ‘nibs’ (defined
undulations) on the side of each steel strip has been shown to increase the bond strength of the steel plate
by six-fold.

The structure of the paper is as follows: Section 2. introduces the methodology used for designing steel
plate reinforcement, including details about the grillage optimization formulation, engineering design
for transforming beam bending moments into areas of reinforcement, as well as modelling and fabri-
cation considerations for creating a steel reinforcing plate. Section 3. then outlines a typical design
problem involving a simply supported, uniformly loaded square slab, with results shown for a typical
reinforcement layout as well as for the new proposed optimal layout. Section 4. validates the use of
optimal reinforcement, with results presented for a range of small-scale prototype tests. Finally, Section
5. summarizes the findings of this work.
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2. Methodology
In this section, a proposed new reinforcement design methodology is briefly introduced, where the goal
is to identify the minimum volume steel reinforcement layout for a slab with given geometry, loading
and support conditions. For demonstration purposes, Figure 1 shows each key step in the methodology,
for the example of a simply-supported square slab, subjected to a uniformly distributed load.

Figure 1: Key steps in the proposed design methodology, considering a uniformly loaded simply sup-
ported square slab: (a) adjacent connectivity ground structure, comprising nodes (orange dots) and
beams (light blue lines); (b) resulting beam layout with line thickness corresponding to the bending
moment magnitudes (sagging and hogging moments shown in blue and red respectively); (c and d) sag-
ging and hogging reinforcement layouts with extra material added for minimum detailing shown in light
blue; (e) close up of nibbing detail for increased bond strength.

Firstly, the plastic grillage design optimization method detailed in [8] is employed, which builds upon
previously developed layout optimization techniques for truss applications [12]. A ground structure
approach is adopted, which utilizes a design domain consisting of a two-dimensional array of beams
and nodes, as seen in Figure 1a. The problem can be posed as the following linear programming (LP)
formulation, which can be solved by modern well-developed solvers:

min
a,q

V = lTa (1a)

s.t. Bq = f (1b)

−m−
p a ≤ q ≤ m+

p a (1c)

a ≥ 0, (1d)

In this formulation for each beam within the ground structure, it is assumed that the cross-sectional area
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varies linearly along the length of the beam; the total volume of material can then be found by summing
the volumes of all beams (Eq. 1a). An equilibrium constraint (Eq. 1b) is also included, such that moment
equilibrium in the x and y directions (i.e., in-plane) and force equilibrium in the z direction (i.e., out-of-
plane) is satisfied at each node. A yield condition is also implemented by specifying a limiting moment
per unit area for both sagging and hogging (Eq. 1c).

The outputs of interest are contained in the vector q, which contains the bending moments at the ends
of each beam within the grillage, as visualized in Figure 1b. These bending moment values then form
the basis of reinforcement design, by generating the total area of reinforcement required, by considering
each beam in the grillage model as a rectangular reinforced concrete strip. In doing so, the following
equation can be used:

As =
mi

z · fyd
(2)

where mi represents the moment at either end of a given beam, along with a given steel design strength,
fyd = fy/γM, which corresponds to the yield strength of the steel divided by a given partial factor of
safety. Also z represents the internal lever arm between compression and tension forces.

Typical CAD / modelling software can be used to model the plan area required for each beam reinforcing
strip, by dividing the calculated As by a chosen steel plate thickness, t. Once all in-plane strips have
been identified, a minimum detailing check is conducted to ensure every strip has a width adequate
for laser-cutting and safe handling. All reinforcing strips can then be unioned together, and the desired
nibbing detail added along strip edges (see Figure 1e), to form a single planar outline, as shown in Figure
1c/d, with the added material for minimum detailing highlighted in blue. Once a final singular region of
reinforcement is modelled, the reinforcement can then be exported digitally and laser-cut from a steel
plate of the desired thickness and design strength.

3. Example design problem: simply supported square slab
To quantify the potential material savings (or load increase possible for layouts of equivalent volume of
steel), a traditional orthogonal reinforcing layout is compared with an optimal reinforcing layout, for the
case of a simply supported square slab (L× L), subject to a uniformly distributed load, w. To keep the
solutions general, irrespective of a chosen steel strength and thickness, only bending moment capacities,
mx or my depending on the orientation of the beam, were considered (which are proportional to an
area of reinforcement required). In the optimal design, an orthogonal ground structure, rotated by 45◦,
has been used, as it was observed in Figure 1 that these diagonal members form a vast majority of the
reinforcement required. Furthermore, by restricting the reinforcement to two perpendicular principle
directions, labelled as xi and yi respectively, the Von Mises criterion is valid, and the overall complexity
of the reinforcing plate is reduced. A moment volume, Mv, for each design was calculated, which is
equivalent to

∫∫
(|mx| +my|) dx dy. For this section, only flexural moment capacities have been con-

sidered and additional material required for fabrication purposes has been neglected, as this is dependent
on the steel selected and does not contribute to the overall capacity of the design.

For the design of traditional slab reinforcement, a uniform orthogonal layout is often selected and de-
signed using the Hillerborg strip method, using equal reinforcement in the x and y directions. As this
reinforcement is sized based on the maximum bending moment along the strip, the moment capacity
selected remains constant along the strip’s length and is calculated as:

mx = my = dx · wL
2

16
(3)
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with dx equivalent to the spacing between strips. Therefore, for a slab of size (L×L), the total moment
volume was calculated as Mv,orth = 0.125 worth L

4, with the reinforcement layout shown in Figure 2.

For the optimal design case, the proposed design methodology outlined in Section 2. was used, with
an equivalent spacing of beams in the ground structure selected (dx). The resultant bending moments
were then used to calculate the moment volume, by summing the average bending moment of each
beam multiplied by its length and effective width (both equal to dx). Subsequently, for the design
example shown in Figure 2, the total moment volume for a slab of size (L × L) was calculated to be
Mv,opt = 0.0633 wopt L

4.

(a) (b)
Figure 2: Reinforcement designs: (a) traditional uniform orthogonal layout; (b) optimal layout calcu-
lated using the proposed design methodology. For each case, a representative strip is highlighted, with
the volume of this contributing to the total moment volume, Mv of each design.

Considering the optimal reinforcing layout in comparison to the traditional uniform orthogonal layout,
this indicates that a saving of 49.4 % in moment volume (and thus also the volume of reinforcement
required) can be achieved in this case. However, one key difference between the two designs is the
assumption of a constant bending moment capacity along the strip in the case of the orthogonal design.
This additional moment resistance added may subsequently alter the actual true capacity of the slab,
whereas in the case of the optimal design, the moment resistance is only present where it has been
identified to be needed. To amend this, the well-established upper bound method of yield-line analysis
was conducted, using the LimitState:SLAB software [13], to calculate an upper bound ultimate load
carrying capacity for the orthogonal design.

It was found that for the given moment carrying capacity stated in Equation 3, and with the design
hogging moment capacity of the slab assumed to be zero, a load factor (LF) of 1.35 is achievable. Note
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that this load factor value may differ in reality, as the tensile strength of the concrete selected may
contribute to the hogging moment capacity of the slab, therefore increasing this load factor further (to a
limit of 1.5). For the determined load factor of 1.35, the moment volume for the orthogonal design can
be more accurately written as:

Mv,orth = 0.125 · w

LF
L4

Mv,orth = 0.09259 · wL4 (4)

Alternatively, for designs of equivalent volume, an expected increase on the load carrying capacity can
be found by equating Mv,orth and Mv,opt giving the following relationship:

wopt = 1.4628 · worth (5)

The result is a 46.3 % expected increase in load carrying capacity for the optimal reinforcement layout
design, when compared to a traditional uniform orthogonal layout of equivalent volume. It is worth
noting that additional material added for fabrication purposes may further reduce this expected load
increase, as a percentage of the total volume for the optimal design will be included for non-flexural
reasons. However, it is expected that the overall effect will be minimal, as this issue is only prevalent in
the corner sections, and a significant improvement on the efficiency of the reinforcement layout can still
be achieved.

4. Experimental validation
To verify the use and benefits of laser-cut optimal reinforcement, in comparison to traditional methods
of steel reinforcement design, a series of small-scale experimental tests were carried out on 600 ×
600 × 30mm square slab samples. To limit the numbers of variables involved, designs with equivalent
volumes of reinforcement were used, such that the ultimate load capacities of each could be observed
and compared. Two steel plate thicknesses of 1 mm and 0.8 mm were used for two optimal design cases,
to test the influence of the steel plate area utilization vs thickness ratio. The traditional orthogonal design
used the 1 mm steel plate thickness. The influence of adding extra reinforcement in areas of high shear,
as well as the inclusion of a nibbing detail to provide enhanced bond strength, were also tested when
ising the 1 mm plate thickness. The final six designs can be seen in Figure 3.

All slab samples were simply-supported on all edges against a reaction frame and were uniformly loaded
via gradual inflation of an airbag, as demonstrated in Figure 4. Displacements were measured at slab
midpoint using a 25 mm linear variable differential transformer displacement transducer, whilst pres-
sures were measured via a transducer placed close to the airbag inlet. All slab specimens were load
tested until the point of failure, or when displacements became very large (> 20mm).

Two samples of each design were tested, giving twelve samples in total. The average pressure vs dis-
placement curves for each design are shown in Figure 5, with the pressure achieved at first yield indi-
cated.
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Figure 3: Six reinforcement designs prepared for the experimental tests. Designs 1-3 have identical steel
volumes and were used to determine the increase in load-carrying capacity achievable when using the
proposed design methodology. Designs 3a-3c are a variation of design 3, whereby additional material
was added in the form of local strengthening and/or nibs, and were tested to verify whether these addi-
tions improved the shear behaviour and/or bond strength.

As demonstrated in Figure 5(a), Designs 2 and 3 achieved a 11.0 % and 33.9 % increase respectively
in load carrying capacity when compared to Design 1. As all designs have an equivalent volume of
reinforcement, this increase in load carrying capacity results in improved efficiency for the same mass
of steel. Regarding failure mechanisms, Design 1 displayed a ductile response with cracks appearing
with little warning and then continuously opening until the end of the test. Design 2 and Design 3
had an initially ductile behaviour followed by a brittle shear failure. This corresponded to hairline
cracks forming at corners, gradually widening until brittle shear failure of the middle section of the slab,
forming a diamond shape segment spanning from the midpoint of each support, as shown in Figure 6a.

As indicated in Figure 5(b), the additional material added for local strengthening in the case of Design
3a resulted in a 4 % increase in load carrying capacity, but more importantly, successfully suppressed
the brittle shear failure previously observed, with a typical X-shaped failure mechanism observed, and
with cracks gradually widening until the end of the test. The load-carrying capacity of Design 3b, that
included the nibbing detail, increased by 9.6 %; however the brittle shear failure previously seen in the
case of Design 3 was observed. Design 3c, which included both additions, displayed a load-carrying
capacity increase of 10.9 %, with the brittle shear failure successfully suppressed; the associated failure
mechanism is shown in Figure 6b.
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Figure 4: Experimental set-up with dimensions (in mm): (a) DSLR camera and tripod; (b) lighting;
(c) Go Pro camera; (d) LVDT displacement transducer; (e) slab sample; (f) reaction frame; (g) Exporta
‘PPW Premium Dunnage’ air bag; (h) safety screen; (i) pressure transducer.

(a) (b)
Figure 5: Average pressure vs displacement results: (a) test series 1 with comparisons drawn between
traditional orthogonal design (Design 1) and optimal designs (Design 2-3); (b) test series 2 with compar-
isons drawn between 1 mm optimal design and same design with additions made for local strengthening
and/or nibbing detail (Design 3a-3c).
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Figure 6: Observed failure mechanisms for: (a) optimal 1 mm reinforcement (Design 3) case; (b) equiv-
alent optimal design with local strengthening and nibbing detail added (Design 3c).

Table 1 presents the average yield pressure attained by each design, along with the observed percentage
increase in load-carrying capacity.

Table 1: Summary of experimental results, showing yield pressure and the observed % increase in load
carrying capacity.

Design Description Average yield pressure (kPa) % increase
Comparison between orthogonal design and optimal designs

1 Orthogonal 1 mm 49.9 -
2 Optimal 0.8 mm 55.4 11.0
3 Optimal 1 mm 66.8 33.9

Comparison between optimal 1 mm design with/without additions
3 Optimal 1 mm 62.5 -
3a + local strengthening 65.0 4.0
3b + nibs 68.5 9.6
3c + both 69.3 10.9

5. Conclusions
This paper has presented a new methodology for the optimal design of reinforcement for concrete slabs.
Building on previous research in the area, the presented methodology takes advantage of a modern nu-
merical design method and digital fabrication techniques. Specifically, numerical layout optimization is
used to identify the most efficient layout of grillage members; this also indicates the resultant bending
moments that can subsequently be transformed into reinforcement strips of the appropriate area, in line
with code of practice rules. Simple geometric modelling techniques are then used to combine these strips
into a reinforcing plate, which can be fabricated using the modern laser cutting digital manufacturing
technique. A design example involving a uniformly loaded simply supported square slab is presented
in the paper, suggesting that a load increase in the range of 46.3 % can be achieved in the case of the
optimally reinforced design, compared to a traditional orthogonal layout of the same volume. Results
from small-scale prototype tests have been presented to verify the approach, with an increase in load-
carrying capacity of up to 33.9 % observed, relative to the traditional orthogonally reinforced layout.
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The addition of material to provide local strengthening and a nibbing detail showed improvements in
the shear behaviour and bond strength, with a brittle shear failure mode successfully suppressed. Work
is currently underway to further verify the proposed design methodology, considering various aspects
not covered here (e.g., different geometries, load cases, support types, etc). It is envisaged that imple-
mentation of optimal reinforcing layouts at an industry scale could lead to significant material savings,
contributing to reducing the environmental impact of the construction industry on the planet.
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