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Abstract

Topology optimization for adaptive structures involves the synthesis of the structural layout in
combination with actuator placement. A recently developed formulation based on mixed-integer
programming (MIP) has shown that adaptive solutions approach the limit of material economy (e.g.,
Michell trusses) and, in parallel, satisfy important constraints including displacements and stability that
would not be possible without adaptation. In previous work, the actuators are assumed to be in series
with the housing element and therefore subjected to the same force, i.e. force-serial. While this strategy
produces very efficient configurations that vastly outperform equivalent topology-optimized passive
structures, different solutions could be obtained by considering actuators working in parallel with the
housing element, i.e. force-parallel. A force-parallel actuator can take a share of the force carried by the
housing element to satisfy equilibrium, compatibility, and stress limits, thus effectively changing the
internal force flow. Although the effect of a force-parallel actuator is more local to the housing element
compared to a force-serial one concerning displacement compensation, the ability to directly change the
stress in highly loaded elements can help satisfy buckling and other stability constraints more efficiently.
This work offers a new topology optimization formulation for adaptive structures that considers the
placement of force-parallel actuators to investigate the difference with solutions obtained using force-
serial actuators.

Keywords: structure-control optimization, topology optimization, adaptive structures, active structural control,
ultralightweight design, conceptual design, morphology

1. Introduction

1.1. Previous work

Optimal integration of sensing and actuation systems in civil structures enables significant performance
improvement and new functionalities such as continuous monitoring and mitigation of the structural
response under loading. Initial investigation into active structural control has focused on vibration
suppression for buildings and bridges under extreme events showing significant performance
improvement compared to alternative passive isolation systems [1], [2], [3]. Recent investigations have
adopted a holistic approach including aspects of lightweight design [4], sustainability [5] as well as
reliability [6]. Extensive investigation has shown that the use of active systems is particularly effective
for stiffness-governed structures, e.g., tall and slender buildings, long-span floor slabs, and bridges [7].
In these cases, the active compensation of the displacement response is very effective in eliminating
overdesign that is typically required to increase the stiffness by adding more material. Quantification of
the benefits of this approach has been carried out through numerical and experimental testing. Results
have shown that material and overall emissions savings exceed 50% for tall and slender buildings, long-
span bridges, and floor slabs [7], [8], [9]. Recent studies provide numerical evidence of the capability
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retrofitting active systems that can significantly reduce fatigue-induced damage accumulation in bridge
structures [10].

Designing adaptive structures is challenging because it involves the coordination of structural-related
features, e.g., element sizing, geometry and topology, and control-related features, e.g., placement of
sensor, actuators and determination of control commands. Depending on the formulation specificities,
this is typically a nonlinear mixed-integer problem that involves continuous (e.g., element sizing) and
binary (e.g., element topology, actuator locations).

A new formulation for integrated structure-control topology optimization is given in [11]. The problem
statement is a set of simultaneous equations that include equilibrium, geometric compatibility, and
stability. The method is formulated using the Simultaneous Analysis and Design (SAND) approach.
Design variables include element topology and sizing and actuator locations. State variables include
element forces and deformations, nodal displacements, and control commands. Constraints on stress,
displacement and stability are considered as well as control feasibility (e.g., limit on actuator forces).
Topology optimization and actuator placement are carried out by minimizing a cost function that
includes the structural and actuation system mass. This has enabled an All-In-One (AlO) mixed-integer
programming problem formulation that has been solved to a global optimum using deterministic
methods, e.g. branch and bound. What sets this new formulation apart from existing methods, is that it
can model the interdependencies between design and state variables to evaluate the effect of active
control, that is manipulation of the response under loading, on structural topology, element sizing and
actuator placement.

1.2.  New contribution

In [11], actuators are modeled as in series with the housing elements and therefore are subjected to the
same force, i.e. force-serial. While this strategy produces very efficient configurations that vastly
outperform equivalent topology-optimized passive structures, different solutions could be obtained by
considering actuators working in parallel with the housing element, i.e. force-parallel. A force-parallel
actuator can take a share of the force carried by the housing element, thus changing the force flow.
Although the effect of a force-parallel actuator is more local to the housing element compared to a force-
serial one concerning displacement compensation, the ability to directly change the stress in highly
loaded elements can help satisfy buckling and other stability constraints more efficiently.

While force-serial actuators have been investigated in several studies, only a few studies exist that
consider force-parallel actuators [12]. A practical implementation of both force-serial and force-parallel
actuators has been realized in a 36 m tall adaptive high-rise prototype at the University of Stuttgart [13].
However, no study has yet been carried out that investigates the effect of force-parallel actuation on
structural parameters and actuator locations as well as the potential for mass savings. This work offers
a new topology optimization formulation for adaptive structures that considers the placement of force-
parallel actuators and provides a preliminary evaluation of the difference with solutions obtained using
force-serial actuators.

2. Force-serial vs force-parallel actuation

Generally, linear actuators can be installed in series or in parallel with the housing structural element.
When in series, the force taken by the actuator is the same as that of the element. Referring to Figure 1a

F — F¢ — pact D

This assembly can be thought of as that of two springs in series, as illustrated in Figure 1b. Since the
springs are in series, the reciprocal of the assembly stiffness is equal to the sum of the reciprocal of the
element and actuator stiffness
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The actuator stiffness k3 is usually significantly greater than the element stiffness k® and therefore for
simplicity, the assembly stiffness can be approximated as
Ea

k = k¢ =T ®)

where o is the element cross-section area, E the Young modulus, and L the element length. The strain
of the assembly is equal to the sum of the strains of the two springs. The assembly (element + actuator)
constitutive law is

Al =e+ AL (4)

where Al is the total deformation, e the element elastic deformation caused by F and AL the actuator
length change.

I

(@) (b)
Figure 1: Force-serial actuation

When the actuator is installed in parallel with the element, which is illustrated in Figure 2, the element
and actuator are subjected to the same deformation

Al=AL=¢ 5)

The total force in the assembly is the sum of the element and actuator forces

F— Fel + Eact (6)
and the same applies to the stiffness
k = k® 4 kact @)
—
Fel
F F
| TV
Fe
(@) (b)

Figure 2: Force-parallel actuation

Note that the actuator must connect to the ends of the housing elements to be force-parallel. Otherwise,
the actuator force will only affect the element force over length contained between the application points.
For long elements, this requires an extension so that the actuator body can be connected to the element
ends.
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Force-serial actuators can perform significant length changes relative to the strain that limits the housing
element. Depending on the quality of the actuator placement, force-serial actuators can efficiently reduce
the displacement response, and, for statically indeterminate topologies, have a certain degree of
manipulation of the stress response [14]. However, since the actuator must work against the same force
the housing element takes, depending on the location, the required force capacity might be high. Force-
serial actuation is particularly efficient for stiffness-governed problems, where the ability to reduce
displacements outweighs the additional force and mass requirements of the actuators resulting in
substantial overall mass reduction compared to equivalent conventional (i.e., passive) configurations.

On the contrary, force-parallel actuators cannot directly manipulate the displacement response, as they
are limited by the strain of the housing element. However, the ability to take a share of the force, enables
direct manipulation of the housing element deformation and stress, which, depending on the placement
quality, can also provide a significant response reduction resulting in material savings. Force-parallel
actuators do not work against the main load path (e.g., gravitational load transfer), and therefore can be
placed on elements that are subjected to high forces compared to force-serial actuators. The use of semi-
active actuators that can modify their stiffness properties could be particularly suitable for force-parallel
actuation given their fast response and low energy requirements.

3. All-In-One (AIO) structure-control topology optimization

3.1. Structural topology and actuator assignment

Building on [11], the combined problem of structural topology and actuator placement optimization is
formulated through mixed-integer programming (MIP) based on the Ground Structure approach [15].
For brevity, in this work, only equations related to force-parallel actuation are stated, the reader is
referred to [11] for the full formulation.

Structural topology and actuator placement optimization are carried out using binary assignment

el el
matrices A% e{O,l}rI and A* e {0,1}n , respectively, where n® denotes the total number of elements

of the Ground Structure (GS). The optimization process consists in obtaining the optimal element set
E' from the initial Ground Structure E™ C E® and simultaneously the actuator optimal location set,

which is a subset of the optimized topology E** C E™ C E®.

1, ifelementi ¢ E™ c E®
Ael _
o, if elementi ¢ E™ c E® (8)

A — 1, ifactuatori ¢ E* c E™ C E® o
0, ifactuatori ¢ E* Cc E™ C E® ®©)
3.2.  Objective function
The objective function comprises the mass of the structural and actuation systems
H act actMax
m)!nzi:piaiLi +c ZE (10

where p;, a;, and L, are the material density, cross-section area and length of the i element, respectively.

The element cross-section areas are semi-continuous variables & € R™ defined in the range {0; (g,&)}.

The mass of the actuation system is quantified through an assumption of linear proportionality with an
auxiliary variable that represents the maximum force required for adaptation, which is denoted

FeMax < R The maximum actuator force can be compressive or tensile depending on the position of
the actuator and boundary conditions. To avoid the absolute value in the objective function, which makes
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it nonlinear, F*™* can only take positive values R”Zl) The proportional constant ¢ (kg/kN ) can be

set to fit the specificities of the considered actuation technology. Since the maximum actuation force is
an optimization variable included in the objective function, minimization will yield configurations with
the minimum combined system mass.

3.3. State conditions and response control

The modeling of force-serial actuators requires two state variables, the length change AL € R™ which
is added to the geometric compatibility relations, and the force F* € R™ as well as auxiliary variables

to constrain the actuator force to be identical to that of the housing element F* € R™ . Force-parallel
actuators instead, since the force is added to that of the housing element, require only the force variable
in the equilibrium conditions

B( Fe + Fa ) =P 4P L p3 (11)
B-Ird — ei, Vi € EGS (12)
Fe = %ai, Vie E® (13)

where B € R"™ " contains the element cosine directions (often referred to as equilibrium matrix),
P e R™ is the external load. Note that F*tis different from F*™*  Generally, depending on the
number of load cases n°, the actuator force is a multi-dimensional vector F** e R™*" while

FeeMax < 0" 1is always a one-dimensional vector since it is the maximum actuator force required for
response control across nP load cases. The self-weight loads of structure and actuation systems are

denoted with P*** € R"™ and P*** € R"™ , respectively. Both P**and P> are variables because they
are functions of the element cross-section areas and topology as well as actuator force capacity and
placement, respectively. Since the actuators are force-parallel, the geometric compatibility equation (12)

does not include AL and the constitutive equation (13) remains unchanged. The element forces F € R™
are constrained within bounds that account for material and stability stress limits [11]. The same applies

to the element strain variable e € R™ and nodal displacements d € R™ that are constrained by
appropriate bounds((_e,é) and (c_zl,a), respectively, as shown in [11].

3.4. Actuator placement
The actuator force variable F** is related to the actuator placement through F*™® the assignment
matrix A*'and the actuator force capacity

E“‘,Ewl, which is the greatest force in tension and

compression that can be applied by an actuator. To avoid the absolute value in the objective function,
Eq (14) relates F*™& with the product of the actuator force capacity and assignment matrix

FactMax < EaCtAact

(14)
_ [actMax > FaCtAact

Since A =0 when no actuator is placed on the i element, the corresponding actuator force variable
is constrained to zero, which is the intended behavior. The actuator force is constrained within the
bounds taken by the variable F*™®*through Eq (15)

_FactMax S Fact S FactMax (15)

The actuator force bounds are also useful to exclude locations of elements subjected to high forces, for
example, low-level columns of multi-story buildings. This way, most element subjected to gravitational
loads are usually excluded for the housing of actuators due to the high forces they carry.
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The actuator placement is related to the element topology via Eq (16) and the total number of actuators

is limited to an assigned upper bound " Although there is no explicit minimization of the number of
actuators, since the objective function includes the actuation system mass, the optimal solutions typically
have a low number of actuators.

Aact S Ael’ Vl c EGS (16)

zAiaCt < ﬁact, Vi e ECS 17)

4. Examples

4.1. Inputs

The examples discussed in this section evaluate the effect on the system mass of force-parallel and force-
serial actuation. Although reasonable geometric domains and loading conditions have been considered,
the examples are kept as simple as possible, and therefore shall not be considered as representative of
real-world scenarios, which is beyond the scope of this article. All simulations are carried out
considering the following assumptions:

e Small strains and small displacements.
e All structural elements are made of steel S355 and have a circular hollow section. To reduce the
optimization complexity the wall thickness is set to 10% of the outer radius.

e The actuator mass is assumed proportional to the force capacity with a constant ¢** = 0.2kg/kN,

which is a reasonable assumption for hydraulic actuators using high-strength steel [17].
e The displacement limits are set as the ratio between the main dimension and the constant

¢ =500.

For all the examples discussed in this work, the problem formulation given in Section 3 has been solved
to global optimality with the branch-and-bound algorithm implemented in Gurobi v10 [18].

4.2. Ground structure 1x1, slenderness ratio 1/1

The first example considers a 1x1 ground structure (GS) with a slenderness ratio (SR) of 1/1. The
structure is pinned at the lower corner nodes and subjected to a lateral point load applied at the upper
left corner node, as illustrated in Figure 3a. The ground structure is kept as simple as possible since this
example is employed to demonstrate the difference between the effect of force-parallel and force-serial
actuation on element sizing. Figure 3b shows the optimized passive solutions while 3¢ and 3d the
adaptive solutions obtained with force-serial and force-parallel actuation, respectively. All solutions are
global optima for the considered problem (i.e., 0% Mip-Gap). Optimization metrics are given in Table
1. Note that for simplicity of representation, parallel actuators are represented as in Figure 3d without
covering the whole length of the element to connect at its ends.

1000 kN

6

«—10m—

(a) (b) (© (d)

Figure 3 (a) GS 1x1, SR 1/1 (b) passive (c) force-serial (d) force-parallel
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Table 1 GS 1x1, SR 1/1: benchmark force-serial vs force-parallel solutions

mt m® mact max(re) act max(F>*) MIP- Mass
(kg) (kg) (ko) (mm) (kN) Gap savings
Adaptive o018 5034 13.6 141 1 68 0%
force-serial 6%
Passive 2178 2178 - 141 - - 0%
Adaptive 9
force-parallel 1594 1394 200 81 1 1000 0% 7%
Passive 2178 2178 - 141 - - 0%

The maximum number of actuators n°" is limited to one. Since the force-parallel actuator can take a
share of the compression force in element 4, significant stress homogenization is enabled resulting in
27% savings compared to the passive solution. The force-serial solution instead achieves only 6% mass
savings.

Figure 4a and b show the controlled stress and displacement response for the force-serial and force-
parallel solutions, respectively. The force-serial actuator cannot be placed on element 4 because the
force capacity is limited to 1000 kN, while the force in element 4 is greater, as shown in the bar chart of
Figure 4c. The force-serial actuator is effective in reducing the displacement caused by the lateral load,
however, it has a much smaller effect on the stress response compared to the force-parallel actuator. In
this configuration, which is not governed by stiffness (SR of 1/1) the use of force-parallel actuation is
more effective to reduce the system mass.

1000 T T
I Passive
N serial

[ IParallel |

500 -

-500

Element force (kN)

-1000 -

-1500

Element #

(a) (b) (©)
Figure 4 GS 1x1, SR 1/1: stress and displacement response

4.3. Ground structure 4x4, slenderness ratio 1/1

This example considers a ground structure with identical dimensions to the previous example and
subdivided in 4x4 cells with a node-neighborhood connectivity (NNC) of 4, which is illustrated in Figure
5a. The loading condition is similar to the previous example. However, symmetry constraints are applied
to the element cross-section area and actuator locations to reduce the number of design variables.

Simultaneous force-serial and force-parallel actuator placement is enabled by extending the formulation
given in Section 3. An additional binary assignment matrix is defined to enable the choice of force-
parallel and force-serial actuators to minimize the system mass. Auxiliary constraints are defined so that
only one type of actuator can be placed on an element. For brevity, this formulation extension is not
given in this manuscript. The maximum number of actuators is 4.
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(b) (c)
Figure 5 (a) GS 4x4, SR 1/1 (b) passive (c) adaptive

Figure 5b and ¢ show the passive and adaptive optimal solutions. Since the slenderness ratio is kept at
1/1, the problem is not stiffness-governed. The global optimum is obtained by placing all actuators in
parallel to reduce the high forces in the elements that connect directly to the supports. System mass
savings of 39% are achieved. A breakdown of the system mass is given in Table 2.

Table 2 GS 4x4, SR 1/1: benchmark passive vs adaptive solution

mt ome mact max(re) at max(F>*) MIP- Mass
(kg) (kg) (ko) (mm) (kN) Gap savings
Adapf[ive 796 447 348 63 4 846 0% 39%
Passive 1310 1310 - 97 - - 0%

4.4, Ground structure 4x1, slenderness ratio 5/1

The last example considers a ground structure comprising 4x1 cells, with node-neighborhood
connectivity (NNC) of 4 and a slenderness ratio of 5/1. The ground structure and boundary conditions
are illustrated in Figure 6a. The maximum number of actuators is set to 4 and the actuator force capacity
is limited to 500 kN.

Since the geometric domain has a slenderness ratio significantly higher than that considered in the
previous examples, the global optimum for the adaptive solution is obtained by combining force-serial
and force-parallel actuators. Figure 6b and ¢ show the passive and adaptive solutions, respectively. Two
force-parallel actuators are placed on the second (from the lower side) cell diagonals to reduce the high
forces induced by the external load and two force-serial actuators are placed on the fourth cell columns
to effectively reduce the top node displacements. The adaptive solution achieves mass savings of 38%.
A breakdown of the system mass is given metrics in Table 3.

Table 3 GS 4x1, SR 5/1: benchmark passive vs adaptive solution

mt m méet max(re) at max(F*") MIP- Mass
(kg) (kg)  (kg) (mm) (kN) Gap savings
Adapfcive 4766 4393 373 260 4 500 0% 38%
Passive 7641 7641 - 328 - - 0%




Proceedings of the IASS Symposium 2024
Redefining the Art of Structural Design

1000 kN

10m

«— 2m _,
(a) (b) (c)
Figure 6 (a) GS 4x1, SR 5/1 (b) passive (c) adaptive

5. Conclusion

Force-parallel actuation has received little attention since it has been perceived as inherently constrained
by the strain limits of the housing element. This work provides numerical evidence showing that in non-
stiffness-governed problems, force-parallel actuators can effectively reduce the stress response in
elements subjected to high forces. This in turn results in better quality element sizing distribution that
can yield significant system mass savings compared to configuration using force-serial actuators.

In stiffness-governed scenarios, preliminary results show that, depending on the force capacity limit and
other factors (e.g., initial ground structure and boundary conditions), the possibility to combine force-
serial and force-parallel actuators yields configuration of minimum global system mass. In this scenario,
force-serial actuators are placed on elements that take lower forces, e.g. upper-level columns and bracing
in multi-story buildings, while force-parallel actuators are placed on critically loaded elements, e.g.
lower-level columns and bracing.

Future work will consider other configurations and carry out a systematic parameter analysis to
generalize the conclusions reached in this article.
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