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Abstract 

Topology optimization is increasingly becoming an important tool for designing high-performance and 

light-weight structures. A key challenge is preventing buckling, especially in slender members that are 

prone to collapsing under pressure. This study introduces techniques to enhance buckling resistance, 

focusing on two approaches: bi-directional evolutionary structural optimization (BESO) and floating 

projection topology optimization (FPTO). The numerical examples verify the efficiency of these 

approaches and underscore the importance of considering buckling in the design process. Both BESO 

and FPTO are proven to be effective in solving buckling-constrained problems, with FPTO being 

particularly adept at maximizing buckling strength.  
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1. Introduction 

In the last few decades, topology optimization has ascended to a pivotal role in structural engineering, 

enabling the ideation and realization of structures that are not only high-performing but also material-

efficient. Initially, the primary focus of topology optimization was on minimizing structural compliance 

[1–3]. Over time, the discipline has evolved to embrace a wider range of engineering principles such as 

natural frequency [4], enhancing stress control mechanisms [5–7], navigating structural complexity [8–

9], and facilitating additive manufacturing processes [10–11]. 

A significant challenge in topology optimization is its tendency to create slender structural elements 

vulnerable to buckling. This necessitates the incorporation of buckling resistance as a key consideration 

within topology optimization frameworks to ensure structural safety. However, the consideration of 

buckling constraints in topology optimization often leads to the occurrence of pseudo buckling modes 

in intermediate-density elements. These modes cannot accurately reflect true buckling behavior, thereby 

posing a risk of misinterpreting the structure's stability. The emergence of pseudo buckling modes is 

attributed to the use of conventional material interpolation schemes with penalization, which reduces 

the efficiency of intermediate-density elements. 

Numerous strategies have been devised to address the challenge of pseudo buckling modes in topology 

optimization. Neves et al. [12] proposed a technique to cut off the stress stiffness in low-density 

elements, effectively removing their contribution to the buckling response. Bendsøe and Sigmund [13] 

introduced a novel approach using two separate material interpolation schemes for calculating stiffness 

and stress stiffness matrices. Gao and Ma [14] created a process for detecting and eliminating these 

modes based on the modal strain energy. Recently, Zhang et al. [15] presented an approach based on 
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constructing matrices that allocate minimal pseudo masses to freedoms encircled by low-density 

elements. 

Considering the abovementioned challenges, two innovative buckling topology optimization methods 

based on bi-directional evolutionary structural optimization (BESO) and the floating projection topology 

optimization (FPTO) method have been developed. The BESO method, which categorizes design 

variables into only solid or void states, naturally circumvents the issue of pseudo buckling modes in 

intermediate-density elements [16]. The FPTO method allows the use of the linear material interpolation 

scheme, which can eliminate pseudo buckling modes by avoiding the scaling down of intermediate-

density elements [17, 18]. 

In this study, the capabilities of the BESO and FPTO methods in addressing buckling optimization 

problems are investigated. Specifically, the study explores the buckling load factor (BLF) maximization 

and buckling-constrained problems. The results showcase the exceptional convergence properties of 

both methods, underscoring their efficacy in structural optimization. 

This paper is organized as follows: Section 2 introduces the optimization algorithms, including the 

problem statement, buckling analysis formulas, and the optimization process. Section 3 presents two 

numerical examples to illustrate the effectiveness and robustness of the algorithms. Conclusions are 

provided in Section 4. 

2. Optimization algorithms 

This section delves into the optimization algorithms employed in this study, detailing the problem 

statement, the essential formulas for buckling analysis, and the optimization procedures. 

2.1 Problem statement 

The mathematical model for topology optimization for maximizing the critical BLF is formulated as 
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where λ1 is the critical BLF. F is the load applied to the structure. K and U are the global stiffness matrix 

and the displacement vector, respectively. Vf and Vf
* denote the volume fraction of the structure and its 

constraint value. xe (e = 1, 2, ...) is the design variable, and Ve is the volume of the corresponding element. 

xmin is a minimal positive value, e.g., 10−3 to 10−9, to avoid the singularity. For the discrete BESO method, 

xe is the binary design variable, which equals either xmin (void) or 1 (solid). 

The buckling-constrained topology optimization is modeled as 
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where C is the mean compliance, and 𝜆 denotes the predetermined buckling constraint. 
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2.2 Buckling analysis 

To enhance computational efficiency, this study utilizes the linear buckling analysis, expressed as 

 ( ) 0i i+ =K G Φ  (3) 

where λi is the i-th BLF, and Φi denotes the corresponding buckling mode vector. The global stress 

stiffness matrix, G, is assembled from the element stress stiffness matrix, as shown in Eq. (3). 

 T

e g g=G B SB  (4) 

where Bg signifies the derivatives of the shape function. S is the matrix assembled from the stress 

components. 

2.3 Optimization workflow 

The optimization process for both the buckling-constrained BESO and FPTO methods is illustrated in 

Figures 1 and 2, respectively, via detailed flowcharts. 

 

Figure 1. Flowchart of the buckling-constrained BESO method. 
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Figure 2: Flowchart of the buckling-constrained FPTO method. 

3. Numerical examples 

This section presents two numerical examples to showcase the efficacy of both the BESO and FPTO 

algorithms. The selected examples illustrate the optimization challenges and solutions in two distinct 

scenarios: BLF maximization and buckling-constrained problem. The performance of the BESO and 

FPTO methods is evaluated and compared based on the results obtained from these examples. 

In all numerical examples, plane stress elements are utilized. Young’s modulus and Poisson’s ratio are 

set as E = 1 and ν = 0.3, respectively. 

3.1 BLF maximization for a compressed column 

Buckling is a common issue in structural components subjected to compression, particularly in slender 

members. This example focuses on maximizing the critical BLF in a compressed column, as depicted in 

Figure 3. The rectangular design domain with dimensions Lx = Ly/2 = 1 is discretized into 240×480 

elements. A downward force of magnitude F = 1×10−3 is uniformly applied at the top across a length of 

l/Lx = 1/15. Beneath the applied force, an area with a depth of l/2 is designated as the non-design domain, 

while the bottom of the design domain is fixed.  

 

Figure 3. Design domain and boundary conditions of the compressed column. 

The target volume fraction is set at Vf
* = 25%, and the filter size rmin = 4×the element side length. The 

optimization process using the BESO method is shown in Figure 4. The optimization using the BESO 
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method begins with a stiffness design that takes the shape of a simple column (Figure 4a). As the 

optimization progresses, the column evolves into two bars connected by thin cross-like members (Figure 

4b–4e). The first BLF (λ1) improves from 0.89 in the initial column to 9.21 in the final design (Figure 

4f). 

 

Figure 4. BESO optimization process: (a) initial stiffness design; (b–e) structural topologies at different 

iterations; and (f) evolutionary histories of the first four BLFs [16]. 

In contrast, the FPTO method starts from a full design domain without a predefined stiffness design, as 

shown in Figure 5. Initially, two bars emerge (Figure 5a), followed by the transformation of grey 

elements into cross-like members (Figure 5b–5d). The final design achieves a critical BLF of 11.63, 

30.0% higher than the BESO method. 

Comparing the methods reveals that the result obtained with the BESO method depends on the initial 

stiffness design, while the FPTO method, independent of such stiffness design, achieves a significantly 

higher critical BLF. However, the FPTO method requires over 1,500 iterations to converge to a binary 

0/1 design, contrasting with the faster convergence of the BESO method with 388 iterations. Both 

methods effectively mitigate pseudo buckling modes and demonstrate stable optimization processes 

(Figure 4f and 5e). 
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Figure 5. FPTO optimization process: (a–c) structural topologies at different iterations; (d) final smooth design 

[18]; and (e) evolutionary histories of the first four BLFs. Note that histories of λ1–λ4 marked with different 

colors are BLFs of the element-based design, and the red crosses represent the critical BLF of the smooth 

designs. 

3.2 Buckling-constrained optimization for a frame structure 

This section addresses the buckling-constrained topology optimization problem for a frame structure. 

The boundary conditions and design domain of the structure are illustrated in Figure 6a, with the domain 

discretized into 90 × 210 elements. A downward force F = 2 × 10-2 is evenly distributed over a length 

of l = b/10, located at the midpoint of the right side. The left side of the domain is fixed near the upper 

and lower ends over a length of l. 

The target volume fraction Vf
* is set as 20%, with the filter size rmin equal to 2×the element side length. 

The initial stiffness design obtained through the BESO method features symmetric upper and lower bars 

(Figure 6b), where the lowest BLF λ1 = 0.89 suggests buckling susceptibility in the lower bar. 

 

Figure 6. The frame example: (a) design domain and boundary conditions; and (b) the stiffness design obtained 

by the BESO method. 
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For optimization with the BESO method, the resultant optimized designs are depicted in Figure 7. The 

optimization leads to a redistribution of material from the upper bar to the lower bar, which divides into 

two bars connected by slender elements to enhance buckling resistance. A notable feature is the 

occurrence of a connecting bar between the upper and lower bars, with its thickness and length increasing 

alongside the buckling constraint, as highlighted by red circles in Figure 7b–7f. This connecting bar 

significantly increases the structure's moment of inertia, which is crucial for mitigating rotational 

movement at the junction. 

 

Figure 7. Optimized designs of the two-bar frame using the BESO method [16]. 

Figure 8 presents the optimized designs using the FPTO method. It can be seen that the optimized results 

are very similar to that of the BESO method. However, it is noteworthy that the compliance in each 

design produced by the FPTO method is slightly higher than that obtained with the BESO method. 

 

Figure 8. Optimized designs of the two-bar frame using the FPTO method. 

Figure 9 shows the comparison of optimization histories for both methods with 𝜆 = 4.0. This comparison 

reveals that both the BESO and FPTO methods exhibit good convergence and satisfy the specified 

buckling constraints. Nevertheless, the FPTO method requires a higher number of iterations compared 

to the BESO method. 
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Figure 9. Optimization histories with 𝜆 = 4.0 using (a) BESO method and (b) FPTO method. 

4. Conclusions 

This study delves into topology optimization considering buckling and employs both the BESO and 

FPTO methods. The effectiveness of these methods in maximizing the buckling load factor and tackling 

buckling-constrained optimization is demonstrated via two numerical examples. The BESO method 

offers computational efficiency but produces results that depend on the initial stiffness design, whereas 

the FPTO method achieves independence from stiffness designs, albeit requiring more iterations for the 

optimization process. This research highlights the importance of considering buckling in structural 

design and serves as a valuable guide for architects and engineers in creating efficient and stable 

structures. For future research, extending the proposed algorithm to 3D examples and including 

manufacturing constraints are recommended for more practical applications in real-world scenarios. 
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